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Multi-pion Bose-Einstein correlation effects on three-pion interferometry
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Multi-pion correlations effect on three-pion interferometry
is studied. It is shown that multi-pion correlations decrease
both the apparent radius of the source and the coherent source
parameter derived from three-pion interferometry. The data
of OPAL group are discussed.
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Hanbury-Brown and Twiss [1] were the first who ap-
plied the Bose-Einstein (BE) correlation to measure the
size of distant stars. The method was first applied to
particle physics by Goldhaber et al.(GGLP) [2] in 1959.
Since then the size of the interaction region has been
measured by numerous experiments in high energy colli-
sions using different types of particles. Two-pion Bose-
Einstein(BE) correlation is widely used in high energy
collisions to provide the information of the space-time
structure, degree of coherence and dynamics of the region
where the pions were produced [3,4]. Experimentally, ul-
trarelativistic hadronic and nuclear collisions provide the
environment for creating dozens, and in some cases hun-
dreds, of pions [5–7]. Theoretically, It is easy to extend
the two-pion correlation to three-pion correlation func-
tion. Because the bosonic nature of the pion causes the
abundance of pions at low mometum, It is anticipated
that multi-pion correlation should affect the single and
i-pion spectra and distort the i-pion correlation function
[8–13]. Thus, it is very interesting to analyse the multi-
pion Bose-Einstein correlation effects on i-pion interfer-
ometry.
The general definition of the n pion correlation func-
tion Cn(~p1, · · ·, ~pn) is
Cn(~p1, · · ·, ~pn) =
Pn(~p1, · · ·, ~pn)∏n
i=1 P1(~pi)
, (1)
where Pn(~p1, · · ·, ~pn) is the probability of observing n
pions with momenta {~pi} all in the same event. The n-
pion momentum probability distribution Pn(~p1, · · ·, ~pn)
can be expressed as [9,10,12]
Pn(~p1, · · ·, ~pn) =
∑
σ
ρ1,σ(1)ρ2,σ(2)...ρn,σ(n), (2)
with
ρi,j = ρ(pi, pj) =
∫
d4xgw(x,
(pi + pj)
2
)ei(pi−pj)·x. (3)
σ(i) denotes the ith element of a permutation of the se-
quence 1, 2, 3, · · ·, n, and the sum over σ denotes the sum
over all n! permutations of this sequence. gw(x, k) can
be explained as the probability of finding a pion at point
x with momentum k which is defined as [14,15]
gw(Y, k) =
∫
d4yj∗(Y + y/2)j(Y − y/2) exp(−ik · y).
(4)
Where j(x) is the current of the pion, which can be ex-
pressed as [15,13]
j(x) =
∫
d4x′d4pj(x′, p)ν(x′) exp(−ip · (x− x′)). (5)
Here j(x′, p) is the probability amplitude of finding a pion
with momentum p , emitted by the emitter at x′. ν(x′) is
a random phase factor which has been taken away from
j(x′, p). All emitters are uncorrelated in coordinate space
when assuming:
< ν∗(x′)ν(x) >= δ4(x′ − x). (6)
For simplicity we also assume that
< ν∗(x) >=< ν(x) >= 0, (7)
which means that for each emitter the phases are ran-
domly distributed in the range of 0 to 2π. Then we have
the following relationship
< ν∗(x′)ν∗(x) >=< ν(x)ν(x′) >= 0. (8)
Inserting eq.(5) into eq.(4) we have
gw(Y, k) =
∫
d4y exp(−iky)
∫
d4x′j∗(x′, p1)d
4p1
eip1·(Y+y/2−x
′)ν∗(x′)∫
d4x′′j(x′′, p2)d
4p2e
−ip2·(Y−y/2−x
′′)ν(x′′), (9)
Taking phase average and using the the relationship of
eq.(6), we have
gw(Y, k) =
∫
d4y exp(−ik · y)
∫
d4x′′j(x′′, p2)d
4p2
e−ip2·(Y−y/2−x
′′),∫
d4x′j∗(x′, p1)d
4p1e
ip1·(Y+y/2−x
′)δ4(x′ − x′′)
=
∫
d4yexp(−ik · y)
∫
d4x′
j∗(x′, p1)j(x
′, p2)d
4p1d
4p2
1
eip1·(Y+y/2−x
′)e−ip2·(Y−y/2−x
′) (10)
=
∫
d4yexp(−ik · y)
∫
d4x′j∗(x′, k′ + q/2)
j(x′, k′ − q/2)d4k′d4qeiq·(Y−x
′)e−ik
′
·y
=
∫
d4x′d4qj∗(x′, k + q/2)j(x′, k − q/2)eiq·(Y−x
′)
Here k′ = (p1+p2)/2, q = p1−p2 . From eq.(1), the two-
pion and three-pion correlation function can be expressed
as
C2(~p1, ~p2) = 1 +∫
d4xd4x′gw(x, k12)gw(x
′, k12) exp(iq12 · (x− x
′))∫
d4xd4x′gw(x, p1)gw(x′, p2)
(11)
C3(~p1, ~p2, ~p3) = 1
+
∫
d4xd4x′gw(x, k12)gw(x
′, k12) exp(iq12 · (x− x
′))∫
d4xd4x′gw(x, p1)gw(x′, p2)
+
∫
d4xd4x′gw(x, k23)gw(x
′, k23) exp(iq23 · (x− x
′))∫
d4xd4x′gw(x, p2)gw(x′, p3)
+
∫
d4xd4x′gw(x, k31)gw(x
′, k31) exp(iq31 · (x− x
′))∫
d4xd4x′gw(x, p3)gw(x′, p1)
+
∫
d4xd4ygw(x, k12) exp(−iq12 · x)gw(y, k23) exp(−iq23 · y)∫
d4xd4yd4zgw(x, p1)gw(y, p2)gw(z, p3)
·
∫
d4zgw(z, k31) exp(−iq31 · z) + (12)
∫
d4xd4ygw(x, k12) exp(iq12 · x)gw(y, k23) exp(iq23 · y)∫
d4xd4yd4zgw(x, p1)gw(y, p2)gw(z, p3)
·
∫
d4zgw(z, k31) exp(iq31 · z).
Here kij = (pi + pj)/2 and qij = pi − pj are mean and
relative momentum of pi and pj .
For nπ events, the i-pion correlation function can be
defined as
Cni (p1, · · ·, pi) =
Pni (~p1, · · ·~,pi)∏i
j=1 P
n
1 (~pj)
, (13)
where Pni (~p1, · · ·, ~pi) is the modified i-pion inclusive dis-
tribution in n pion events which can be expressed as
Pni (~p1, · · ·, ~pi) =
∫ ∏n
j=i+1 d~pjPn(~p1, · · ·, ~pn)∫ ∏n
j=1 d~pjPn(~p1, · · ·, ~pn)
. (14)
As n increases, the calculation of the intergration given
above becomes more and more complex. Now we define
the function Gi(p, q) as [10,12]
Gi(p, q) =
∫
ρ(p, p1)d~p1ρ(p1, p2)d~p2 · · ·
ρ(pi−2, pi−1)d~pi−1ρ(pi−1, q). (15)
From the expression of Pn(~p1, · · ·, ~pn) (Eq.(2)), the
two-pion and three-pion inclusive distribution can be ex-
pressed as
Pn2 (~p1, ~p2) =
1
n(n− 1)
1
ω(n)
n∑
i=2
[
i−1∑
m=1
Gm(p1, p1) ·Gi−m(p2, p2)
+Gm(p1, p2) ·Gi−m(p2, p1)]ω(n− i) (16)
Pn3 (~p1, ~p2, ~p3) =
1
n(n− 1)(n− 2)
1
ω(n)
n∑
i=3
[
i−2∑
m=1
i−m−1∑
k=1
Gm(p1, p1) ·Gk(p2, p2) ·Gi−m−k(p3, p3)
+Gm(p1, p2) ·Gk(p2, p1) ·Gi−m−k(p3, p3)
+Gm(p2, p3) ·Gk(p3, p2) ·Gi−m−k(p1, p1)
+Gm(p3, p1) ·Gk(p1, p3) ·Gi−m−k(p2, p2)
+Gm(p1, p2) ·Gk(p2, p3) (17)
·Gi−m−k(p3, p1) +Gm(p1, p3) ·Gk(p3, p2)
·Gi−m−k(p2, p1)]ω(n− i) (18)
with
ω(n) =
1
n!
∫ n∏
k=1
d~pk Pn(p1, · · ·, pn) .
The single-pion distribution is
Pn1 (~p) =
1
n
1
ω(n)
n∑
i=1
Gi(p, p) · ω(n− i). (19)
From the expression of eq.(19), we have
ω(n) =
1
n
n∑
i=1
C(i)ω(n− i) (20)
with
C(i) =
∫
d~p Gi(p, p). (21)
From the above method the two-pion and three-pion
correlation can be calculated for n pion events. In the fol-
lowing, we will give an example to investigate the multi-
pion correlation effects on two-pion and three-pion inter-
ferometry. We assume that the chaotic emitter amplitude
distribution is
j(x, k) = exp(
−x21 − x
2
2 − x
2
3
2R20
)δ(x0)exp(−
k21 + k
2
2 + k
2
3
2∆20
) .
(22)
Where R0 and ∆0 are parameters which represents the
radius of the chaotic source and the momentum range of
pions respectively. (x0, x1, x2, x3) and (k0, k1, k2, k3) are
pion’s coordinate and momentum respectively. Bringing
2
eq.(22) into eq.(10) , eq.(11) and eq.(12), we can easily
get the function gw(x, k)
gw(x, k) = (
1
πR2G
)
3
2 exp(−
~x2
R2G
)δ(x0)
(
1
π∆20
)
3
2 exp{−
~k2
∆20
}, (23)
two-pion interferometry
C2(~p1, ~p2) = 1 + exp{−
~q212
2
R20} (24)
and three-pion interferometry formula
C3(~p1, ~p2, ~p3) = 1 + exp{−
~q212
2
R20}+ exp{−
~q223
2
R20}
+exp{−
~q231
2
R20}
+2 exp{−
~Q2
4
R20} (25)
with
R2G = R
2
0 +
1
∆20
, Q2 = ~q212 + ~q
2
23 + ~q
2
31.
Now we consider the multi-pion correlation effects on
two-pion and three-pion correlation function. gw(x,
p+q
2 )
can be expressed as
gw(x,
p+ q
2
) =
1
(πR2G)
3/2
e
−
r2
R2
G
1
(π∆20)
3/2
e
−
(~p+~q)2
4∆2
0 δ(t),
(26)
then we have(eq.(3))
ρ(p, q) =
∫
gw(x,
p+ q
2
)ei(p−q)xdx
=
1
(2π∆20)
3/2
e−
(p−q)2R2
G
4 e
−
(~p+~q)2
4∆2
0 . (27)
Define
Gn(p, q) =
∫
ρ(p, p1)
∏
i=1,n−2
d~piρ(pi, pi+1)d~pn−1ρ(pn−1, q)
(28)
Using eq.(27), we can easily get
Gn(p, q) = αne
−an(p
2+q2)+gn~p·~q (29)
where
an+1 =
R2G
4
+
1
4∆20
−
(R2G − 1/∆
2
0)
2
16bn
,
bn = an +
1
4∆20
+
R2G
4
,
gn+1 =
gn
4bn
· (R2G −
1
∆20
)
and
αn+1 = αn(
1
∆20
)3/2(
1
bn
)3/2 (30)
with
a1 =
R2G
4
+
1
4∆20
, g1 =
R2G
2
−
1
2∆20
, α1 =
1
(π∆20)
3/2
.
(31)
From the above formula, we can calculate the two-pion
and three-pion correlation function in n pion events. In
fig.1, the multi-pion correlation effects on two-pion inter-
ferometry is shown. It is clear that multi-pion correlation
make the two-pion correlation function become broader
and the intercept become lower [16–18]. That is multi-
pion correlation makes the apparent radius and coherent
parameter derived from two-pion interferometry become
smaller.
0.8
1
1.2
1.4
1.6
1.8
2
0 0.05 0.1 0.15 0.2
N =  2
N = 20
N = 80
q (GeV/c)
C 
(q)
Fig.1  By Q.H. Zhang
FIG. 1. Multi-pion correlation effects on two-pion interfer-
ometry. The solid line, dashed line and dotted line correspond
to multiplicity N = 2,20 and 80 respectively. The input value
of R0 and ∆ is 3fm and 0.36GeV respectively.
For the three-pion interferometry, we choose the vari-
able Q2 = ~q212 + ~q
2
23 + ~q
2
31 and integrate the other eight
variables, then we have the three-pion correlation func-
tion Cn3 (Q)
Cn3 (Q) =∫
Pn3 (~p1, ~p2, ~p3)δ(Q
2 − ~q212 − ~q
2
23 − ~q
2
31)d~p1d~p2d~p3∫
Pn1 (~p1)P
n
1 (~p2)P
n
1 (~p3)δ(Q
2 − ~q212 − ~q
2
23 − ~q
2
31)d~p1d~p2d~p3
(32)
The effects of multi-pion correlation on the three-pion
correlation function are shown in fig.2. It can be seen
clearly that as the multiplicity of the event increases,
the three-pion correlation function has a lower chaoticity,
though the actual source is totally chaotic. The three-
pion correlation function also become broader for larger
multiplicity. That means the apparent radius derived
3
from three-pion interferometry becomes smaller. As the
multiplicity increases, the multi-pion correlation effects
on three-pion correlation effects becomes larger.
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FIG. 2. Multi-pion correlation effects on three-pion inter-
ferometry. The solid line, dashed line and dotted line corre-
spond to multiplicity N = 3,10 and 60 respectively. The input
value of R0 and ∆ is 3fm and 0.36GeV respectively.
Recentally, OPAL group [19] have studied the source
radius R and chaoticity degree λ as a function of charged
multiplicity. It is found that λ decreases with pion mul-
tiplicity while R increases with pion multiplicity. Those
effects , though small, are statistically significant. Our
calculations are not completely consistent with OPAL re-
sults due to the fact that: In our analysis, we assumed
that the true source radius and coherent parameter are
same for different multiplicity which may be not true in
experiment [19]. One of the possible explanation about
the fact that R increases with pion multiplicity (which is
not consistent with our calculation) was given by OPAL
group: At larger pion multiplicity, the events is domi-
nated by three jet events which has larger radius than two
jet events which dominate lower multiplicity events. The
larger the pion multiplicity, the larger the Bose-Einstein
correlation effects on the radius. So It is anticipated that
the true radius vs. pion multiplicity will become more
steeper if we can exclude the multi-pion Bose-Einstein
correlation effects. Due to the fact that a increase of the
fraction of resonance at high pion multiplicity [20], we
have another possible explanation: With resonance, the
source is consisted of two parts, one corresponds to the
source consist of the direct pions and the pions emitted
from resonance with life-time less than one fm, the an-
other source is consist of the pions which decay from long
lived resonance. The combination of a primary pion with
a decay pion from a long lived resonance can cause the re-
duction of coherent degree λ and increase the pion source
radius [21]. So the observed results of OPAL group may
be due to the increasing of resonance at high multiplici-
ties.
Conclusions: In this paper, the multi-pion Bose-
Einstein correlation effects on two-pion and three-pion
interferometry are discussed. It is shown that multi-pion
Bose-Einstein correlation make the apparent radius and
coherent parameter of source which derived from lower
order pion interferometry become smaller. For larger
pion multiplicity, the multi-pion correlation effects on the
lower order pion interferometry becomes larger. Recent
data of OPAL group are discussed. It is argued that the
increase of radius R with pion multiplicity may be due to
the increasing fraction of resonance at high multiplicities.
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Figure Captions
1. Multi-pion correlation effects on two-pion interfer-
ometry. The solid line, dashed line and dotted line
correspond to multiplicity N = 2,20 and 80 respec-
tively. The input value of R0 and ∆ is 3fm and
0.36GeV respectively.
2. Multi-pion correlation effects on three-pion inter-
ferometry. The solid line, dashed line and dotted
line correspond to multiplicity N = 3,10 and 60
respectively. The input value of R0 and ∆ is 3fm
and 0.36GeV respectively.
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